Plasmon-enhanced Raman scattering (PERS) becomes nonlinear when phonon pumping and phonon-stimulated scattering come into play. It is fundamental to the understanding of PERS and its photobleaching behavior. By quantization of the molecular vibration coherent state into phonon number states, we theoretically predict a stepwise dependence of PERS intensity on laser power. Experimental evidence is presented by measuring a monolayer of malachite green isothiocyanate molecules sandwiched in individual gold nanosphere-plane antennas, under radially polarized laser excitation of sub-W powers.
3 convincing experiment which clearly shows the signature of molecular phonon pumping in a plasmonic hotspot is needed for both understanding and further investigation in this direction. Here we address this problem by theoretically predicting and then experimentally observing stepwise quantum phonon pumping in single SERS hotspots. The stepwise process includes saturation of transitions between certain molecular vibration eigenstates under low laser powers, and stimulated emission of phonons at higher laser powers. The discovered phenomena provide more insight to the understanding and utilization of PERS.
In the following, first we describe a theoretical model which discriminates between pumping of different phonon number states, which are molecular vibration eigenstates that are occupied by different numbers of phonons. Previous models have assumed a homogeneous Raman activity for all these states, which actually reduces the problem to a single-step spontaneous and stimulated emission of phonons scenario. 13, 15 In our model, arising from quantization of molecular vibration, a more complicated PERS intensity vs laser power relation than previously perceived is shown, due to stepwise pumping of phonons. Then we show experimental results using resonant Raman molecules to confirm the theoretical predictions. The experiment scheme, which is gold nanosphere -atomically flat gold plane antenna under radially polarized (RP) excitation, ensures reproducible ultrahigh EFs in deterministic hotspots. 8 It enables us to observe similar stepwise PERS behaviors repeatedly under sub-W laser powers. With much less than one plasmon in the antenna, complicating factors such as SRS and heating are ignored. At the end, we discuss the validity of our model and relevant future work, including significantly slower vibration damping in dry PERS hotspots and photobleaching by phonon pumping.
Results
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The SERS experiment considered in this paper. Our SERS measurement experiment was introduced in ref. 8 and photons in the antenna is no more than 0.02, including the incident, the Stokes, plasmon decay to LSPR frequencies, lossy surface waves and fluorescence. A simple calculation of the average number of plasmons and photons was presented in ref. 8 . Therefore, SRS effect is ignored, and the electromagnetic field will be treated classically, leading to a semi-classical treatment in our model.
(2) As shown in Figure 1b , the laser is sitting at the shorter wavelength tail of LSPR, while the Stokes photons are close to the peak of LSPR. Therefore, anti-Stokes processes are much less enhanced by LSPR and will be ignored. (3) Since the Stokes shifts of the three Raman bands are large, the numbers of phonons in the corresponding molecular vibration modes are tiny at thermal equilibrium at room temperature, which is described by the Bose-Einstein Distribution. Therefore the thermal equilibrium phonons will be ignored since they have little effect on Stokes processes, and anti-Stokes processes are not considered as stated in Assumption (2) . (4) The laser at 633 nm will be considered the only source of photons that drive the molecular vibrations. (5) The temperature effect will not be included, which will be briefly mentioned again when we discuss photobleaching. 
where  is PERS cross section,  is solid angle, Stokes process, that is, its  , is described by the following equations
where Q is the displacement position operator, R is the Raman activity tensor, and b and b  are the annihilation and creation operators of the harmonic oscillator respectively. For simplicity, in the following, R and Loc E will be treated as scalars. Equations (1), (2) and (3) lead to a semi-classical expression for the differential PERS scattering cross section of the
8 Figure 3 . Absorption spectrum of MGITC. 17 The fact that k, R  is dependent upon  leads to a stepwise behavior which is different from previous models. The absorption spectrum of the probe Raman molecule in our experiments, MGITC, is shown in Figure 3 . 17 The absorption peaks at 629 nm, which is very close to the laser wavelength. Therefore, the by the Stokes process at a speed of
where t  is the total solid angle of PERS, and I is laser intensity. All the dependences on the antenna, the molecule and the geometry of excitation optics are included in a transition rate coefficient k, r  , which doesn't change with I, and which is proportional to
Let the average number of phonons in mode k to be  , we have the following expression for a coherent state of vibration in mode k
Following previous models, we also assume a constant vibration damping lifetime k  , which doesn't change with the value of  . For a coherent state of vibration in mode k under a laser intensity of I, we have the following rate equation at equilibrium
in which the left side is the total phonon pumping rate, which is a summation over all molecular vibration eigenstates, each item being the product of the probability to be in the state  according to equation (7) and the corresponding phonon pumping rate according to equation (6) .
The right side is the phonon damping rate. When all k, r  values are equal, equation (8) reduces to a single-step spontaneous and stimulated phonon emission problem of
Assume
for all values of 2  , as mentioned earlier, equation (8) reduces to
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The PERS signal power is proportional to  at equilibrium and given by
By equation (10), the relationship of average phonon number  versus laser intensity I is plotted in Figure 4 for different ratios between the k, r  's. As shown, when the
are equal, the phonon pumping behavior, plotted in blue, is the same as in the previous models, that is, a nonlinearity resulting from single-step stimulated phonon emission.
13, 15 However, for a resonant Raman molecule whose 01      transition rate coefficient
is fifteen times as large as that of the other transitions, the phonon pumping behavior is composed of two different steps, as plotted in green. First, under low laser power, the 01      transition dominates due to its large Raman activity, and it gradually saturates as the 0  state is being depleted. Then, as the laser power further increases, filling of higher phonon number states leads to stimulated phonon emission and a turn-on behavior of phonon pumping. Another situation in which the 12      transition is also enhanced, by a factor of five, is plotted in red. In this situation, the initial phonon pumping and saturation step involves one more state than in the second situation, and is saturated at a higher value of  . Moreover, if the strongest transition starts with a different state than the 0  state, the saturation step can appear in the middle of the  versus I curve, which is not plotted. To conclude our theoretical work, we point out that the above model is still valid if the molecule has multiple orthogonal vibration modes, by summing over all the values of the subscript k. At last, it is important to point out the possibility that, in addition to Raman scattering, phonon pumping is also realized by the absorption and fluorescence process. Although MGITC is known as a non-fluorescent molecule, under extremely high enhancement, it is possible that Kasha's rule will break down and fluorescence will happen due to a strong Purcell effect. 19 However, the possible fluorescence from MGITC is buried in its strong background impurity emission, as evident for MGITC powders on glass substrates, which doesn't allow us to make a quantitative discussion on the effect of fluorescence on our experimental results here. An over-simplified model for the fluorescence effect is described in Supplementary Information.
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Experiment results.
Experimental observation of stepwise quantum phonon pumping shall be a piece of evidence for our theory as well as for the molecular cavity optomechanics model. An example of our measurement results is shown in Figure 5 , in which the SERS intensity versus laser 12 power relation is measured for the three Raman bands of MGITC from the same antenna, using the experiment described by Figure 1 . A fitting to equation (10), except for the roll-over part, is also shown, which qualitatively agrees with the theoretical prediction of two-step phonon pumping.
To confirm the validity of our observation, we measured another two antennas with laser power below the roll-over level and repeated each measurement for three times. These measurement results are presented in Fig. S2 of Supplementary Information, and clearly show good reproducibility and stability. 
Discussion
(i) A natural question would be whether there are other possible mechanisms to reproduce the Slike shape of the PERS intensity versus laser power as in Figure 5 . By looking at equation (6), 13 photon stimulation and phonon stimulation are probably the only processes that may introduce nonlinearity, the former excluded by the low laser power in our experiment.
(ii) A numerical estimation on the laser power level required to reach 1  , and comparison with the experiments should be valuable. However, a simple calculation using empirical values of Raman scattering cross sections indicates that vibration damping lifetimes, k  , that are orders of magnitude longer than what are commonly known for molecules in solutions must be used in the theory, for both our experiment and the previous work. 6, 7, 16 First, let's estimate On the other hand, for molecules in the gas phase, microsecond level relaxation time is indeed 14 possible, which is attributed to severe inhibition of energy flow between molecular vibration states of different polyad numbers. 24 In our experiment, the samples are dry, and the remaining water molecules, if any, will be driven away from the ultra-intense hotspots. Therefore, the long k  values can be attributed to the lack of a liquid medium for the MGITC molecules to exchange energy with, and also the possible inhibition of IVR by the polyad bottleneck. For future work, time resolved measurement of PERS in a single dry hotspot shall reveal interesting information about molecular dynamics, the result of which will confirm or disprove the theory in this and previous work. modeling and advance understanding about the variation in nonlinearity. Without these pieces of information, the fitting curves in Figure 5 are no more than an eye guide, and in fact a wide range of fitting parameters can be adopted to generate fitted curves close to the experimental data.
(vi) Measuring anti-Stokes scattering is also important for future work. It has been a critical method to study vibrational pumping, but only in the weak pumping regime, while stimulated phonon emission was predicted early in 2006. 15, 28, 29 In conclusion, with the ultrahigh enhancement of Stokes Raman scattering in plasmonic hotspots, a considerable number of molecular vibration phonons can be produced at low laser powers, and we have theoretically modeled and experimentally demonstrated the stepwise quantum phonon pumping phenomenon in such a situation. In the theory, the molecular vibration is treated as a coherent state, while the Raman activities are set to be different for different phonon number states.
In the experiment, the spectral alignment between the laser, the molecular energy level, the Stokes shift and the LSPR provides an ideal system to match our simple theoretical model, and the at an inclined angle. The nanospheres appeared as dark spots on a bright background, due to the antennas' absorption and scattering of the inclined illumination. In addition, position markers were made by focused ion beam milling on the gold planes prior to nanosphere distributions, and scanning electron micrograph (SEM) images were taken before the SERS experiment to compare with the optical microscopy images, so that the nanospheres could be identified repeatedly. It is important to limit the SEM imaging dose upon the antennas so It should be kept in mind that the above model for fluorescent molecules could be oversimplified. For example, electronic down transitions through coupling to SPPs and lossy surface waves with shorter wavelengths than the laser will cool down the molecular vibration instead of increasing the vibration phonon number, by which Raman scattering under low laser intensities will be increased due to less depletion of the lower  states which correspond to resonance enhanced Raman scattering, and phonon stimulated Raman scattering under higher laser intensities will be decreased due to a smaller number of phonons. 4 In the experiment, when the SERS intensity versus laser power relation shows a significant nonlinearity, often so does the background intensity of the SERS spectrum. However, without LSPR enhancement, MGITC molecules show no sign of fluorescence but a weak light emission background from impurities. Therefore, it is difficult to identify the source of the SERS spectrum background in our experiment at the moment, and a discussion on the effect of fluorescence from the experimental aspect will not be conducted in this paper.
More experimental results on MGITC SERS intensity versus laser power relation
In Figure S2 , we show the measurement results of SERS intensity versus laser power relation for another two antennas each coated with a monolayer of MGITC molecules. The measurement for each antenna has been repeated for three times, each time from low laser power to high laser power but below the roll-over level (the laser power was increased until the first roll-over point appears, which was not plotted). The results show a good reproducibility and stability of our measurement, and present convincing evidence for the claimed nonlinearity. Figure. S2 . The SERS intensities of three Raman bands of MGITC versus laser power at sample, for another two antennas coated with a monolayer of MGITC. The first and second rows correspond to the first antenna, and the third and fourth rows correspond to the second antenna. In the first and third rows, the colored dots represent three measurements, respectively, each from low laser power to high laser power but below the roll-over level, in the order of blue, red then green. In the second and fourth tows, the black dots are the average SERS intensities of the three measurements. The red dashed curves are fitting to Equation (10) 
Estimation of Raman scattering detection efficiency
The Raman scattering detection efficiency is roughly estimated to be 0.06 counts/photon. In this estimation, we have assumed that 100% of the Raman photons scattered off the molecules 6 are coupled to LSPR of the nanosphere-plane antenna; 22% of the vertical antenna LSPR power is radiated into far-field, with the rest coupled to ohmic loss, lossy surface waves and SPPs; the antenna far-field radiation is collected by a NA=0.9 objective with a collection efficiency of 59%; then the photons undergo power losses due to transmission through lenses, a beam splitter, multiple mirror reflections, an optical filter and spectrometer grating diffraction, with a total optical transmission of 5.6%; finally the EMCCD produces 100 counts per 5.7 electrons with a 50% quantum efficiency.
